Abstract-Perspective-three-line (P3L) problem when three lines are coplanar and placed as Z-shaped is studied for camera pose determination from a single perspective view and 2-D to 3-D line correspondences. We find the problem's solution number depends on the location of optical center of the camera. If the optical center locates inside two conical cones or on a special plane, the problem has a unique solution, otherwise it has two possible solutions at most. The conclusions are proved via geometric method. The results show that line features can be applied to pose measurement in computer vision systems.
INTRODUCTION
Computer vision based pose measurement has been widely used in aviation, robot navigation, industry automatic assembling, etc. Generally suppose we have known some destination object's features, the position and orientation of the three-dimensional object are estimated from the correspondence of features on the image [1] . There are a variety of different features: points, lines, planes, corners, etc. Many earlier researchers focused their attentions to point features. One of the most famous problems is perspective-npoint (PnP) problem presented in [2] . It is a problem to use point features to estimate object's pose. Many researchers studied on this problem and many results have been used to real engineering applications successfully.
In real world, straight line is another important feature for many destination objects. Pose measurement from line correspondences can also be applied to computer vision systems. This problem is called perspective-n-line (PnL). It needs to solve the problem that how to calculate position and orientation from 2D-3D correspondences of n lines. When line correspondences number is three, it is a P3L problem. Regarding this problem, Fischler et al. [2] found the solution number is four at most. Dhome et al. [3] and Chen [4] gave an equation from which the solutions can be calculated. Liu et al. [5] presented an iterative algorithm. Ansar et al. [6] studied a closed form method and analyzed the sensitivity of their solutions to image noise. These methods are applicable for general cases. When the lines on objects have some special geometric relationship such as parallelity or perpendicularity, the problem has further properties. Shi et al. [7] studied a case when three lines intersect at one point. This is also a case of corner correspondence. They proved if given another point correspondence, the problem has a unique solution. Ying et al. [8] studied a case of parallel lines correspondence and applied to distinguish crosswalks and staircases aiding for the partially sighted. Qin et al. [9] studied a case that three lines are shaped like Z and presented a closed form solution. They found in this case the problem has two solutions at most.
With respect to PnL, the problem has multiple solutions in general cases. Multiple solutions make it difficult to use in real applications. In this paper, we study a special case of P3L. We found when three lines are Z-shaped and the optical center of camera locates in a special space area, the problem has a unique solution. This result makes it possible to estimate pose parameters via three Z-shaped lines in computer vision systems.
II. PROBLEM STATEMENT

A. Camera Model and Parameters
In this paper we adopt pin-hole model for a camera. The camera's intrinsic parameters include: the focal length f , the principal point 0 0 ( , ) u v , the pixel distance u d and v d . The camera's extrinsic parameters include: rotation matrix R and translation vector ( , , )
where R can be expressed by three rotation angles around three axes. In this paper let the angle around X axis be ψ , the angle around axis Y be φ , the angle around Z axis be θ . If a point has the world coordinates ( , , )
x y z and the camera coordinates ( , , )
x y z at the same time, two coordinates satisfy 2) The distance between 1 P and 2 P is d . 3) In the camera coordinate system, the straight line equations of 1 l , 2 l and 3 l on the image plane are given. Here we only study a nonsingular case that the images of three lines are also three lines, they are not coincident and does not degenerate to points.
4) The line equations of 1 L , 2 L and 3 L in the world coordinate system are given. Here we suppose the world coordinate system is defined as: the origin is 1 P ; the X axis is 1 L ; the Y axis is perpendicular to 1 L and directs to 2 P ; the Z axis is determined by the X and Y axes following the right hand rule.
5) All intrinsic parameters of the camera are given. The question is to find out the transformation between the world and camera coordinates, that is the value of R and T in (1). The question is equivalent to find out the space location of three lines 1 L , 2 L and 3 L in the camera coordinate system from their images.
Qin et al. [9] studied a similar problem and presented a method to obtain the problem's closed form solution. They also pointed out the problem has two different solutions at most. In [9] , 1 L and 3 L are supposed as just straight lines, while in this paper we suppose they are rays. Under this condition, we find in some cases the problem has a unique solution. Unique solution is important for pose determination in computer vision systems because we need not distinguish the real one from many possible solutions.
III. SOLUTION PROPERTIES
A. From Lemma 1 we know the ray
L is a ray, its image 1 l is also a ray. We can use the following method to obtain its direction: If the vanishing point 3 q is on the ray 1 l , the direction of 1 L is 3 C O q ; otherwise if 3 q is on the oppositely elongated line of 1
B. Solution Properties
Regarding the problem solution's properties, we have following theorems. 
L is not shown in Fig.  2) is also a solution of the problem. Their intersection points are 1 O q be an acute angle. If the angle is less than ω , the problem has a unique solution.
Proof: As shown in Fig. 3 , suppose 1 L , 2 L and 3 L ( 3 L is not shown in Fig. 3 ) are the real solution lines of the problem. Their intersection points are 1 P and 2 P . Make a cone A , let the vertex of A be 1 P , the axis of A be 1 L , and the vertex angle of A be 2ω . We have 2 L must locate on the surface of the cone A . Because the angle of 1 L and 1 C O P is less than ω , there is only one intersection of line 2 C O q and the surface of the cone A , let it be 2 P . Make a plane π , let it be perpendicular to 1 L and pass 2 P . Suppose the cone A intersects with π at circle C , the intersection point of 1 L and π is S , the intersection point of ray 3 C O q and π is U , the intersection point of ray
L is not shown in Fig. 3 ) are also solution lines of the problem. Their intersection points are 1 / / ' ' RP R P . It is not difficult to prove that triangle 1 PST is similar to 1 ' ' ' P S T and triangles 1 2 PSP is similar to 1 2 ' ' ' P S P , then we have ' ' ' P P T P P T ∠ =∠ , then we have / / ' ' P P P P . Because 1 2 1 2
' ' P P P P d = = , 1 2 P P and 1 2 ' ' P P must be coincident. The problem has a unique solution. This proves Theorem 2.
Theorem 3: Let the angle of 1 L (or 3 L ) and 2 C O q be an acute angle. If the angle is less than ω , the problem has a unique solution.
The proof of Theorem 3 is similar to that of Theorem 2. Theorem 2 and Theorem 3 define a space area of two conical cones, whose vertexes are 1 P and 2 P , vertex angles are 2ω and axes are 1 L and 3 L respectively. If the optical center locates inside the two cones, the problem has a unique solution.
Theorem 4: If the optical center does not locate in the area described in theorem 1, theorem 2 and theorem3, the problem has two solutions at most.
Proof: As shown in Fig. 4 , make two conical cone A and ' A , let their vertexes be 1 P and ' P which are two points on the line 1 C O q , their axes are parallel to the direction of 3 C O q which we got from Section A, their vertex angles are both 2ω . When the optical center does not locate in the area described before, there are at most two intersection points of ray / / ' ' P P P P , 
There is only one possible segment 1 2 P P on each direction. Then the problem has two solutions at most. This proves Theorem 4.
Reference [9] presented an efficient method which can calculate the closed form solutions of the problem. In that method, two variables 1 k and 2 k were defined as:
From their geometric meaning that destination object must locate in front of the camera, we have
The correct solution must satisfy (5), so it is a criterion to select the correct one from two possible solutions.
IV. EXPERIMENT RESULTS
Here we make two simulation experiments to test our unique solution conditions by the method in [9] .
Select 
V. CONCLUSION
By geometric analysis, we demonstrate that Z-shaped P3L problem's solution number depends on the location of the camera's optical center. The main conclusions include: 1) When optical center locates in the area of two conical cones, whose vertex angles are both 2ω , vertexes are 1 P and 2 P , and axes are 1 L and 3 L respectively, the problem has a unique solution. If the angle ω is greater, the inside space of two conical cones is greater, it is more beneficial to pose measurement.
2) When optical center locates on the plane described in Theorem 1, the problem also has a unique solution. Because a plane does not form a space, the plane is only an important reference plane.
3) When optical center locates on the plane which contains 1 L , 2 L and 3 L , the problem is degenerated because three image lines are coincident.
4) When optical center locates in other place, the problem has two solutions at most. It needs other criterions to distinguish which one is the real solution.
The above conclusions indicate it is possible to use three Z-shaped lines on a destination object to measure the pose between the camera and the destination object. It provides us a new pose measurement method in computer vision systems.
